and Hahn (in a still unpublished manuscript 7 ) gave sufficient conditions suggested by Vitali's covering theorem.
On the other hand, in the case of bounded integrands, the original result of Lebesgue has been supplemented in an essential way by a theorem of Denjoy, 8 namely, that differentiation of an integral furnishes the integrand certainly wherever the integrand is approximately continuous. Denjoy proved this theorem for the case of one dimension, Saks 2 generalized it for more dimensions, namely-as in Lebesgue's theorem for bounded functions-using arbitrary intervals. Of course, the definition of approximate continuity depends on the notion of the density of a set M, and as the density of M results from differentiation of the characteristic function of M, the notion of approximate continuity also depends on the systems of sets used for this differentiation. Therefore, it is natural to use the same systems for definition of density and consequently of approximate continuity as for differentiation of the integral, especially if we are speaking (as in the theorem of Denjoy) about approximate continuity and differentiation simultaneously.
In preparing the second volume of Hahn's Réelle Funktionen, 7 1 observed that there is an essential difference between the generalization of Lebesgue's theorem and that of Denjoy: While in the case of Lebesgue s theorem (also for bounded integrands) only rather special systems of sets can be used for differentiation, it is possible for the generalization of Denjoy's theorem, in any metric space (as will be shown), to differentiate relative to quite arbitrary, only indefinitely fine, systems of sets (see Theorem l). 9 In a certain sense (namely, for regular derivatives), the approximate continuity at a point is even necessary and sufficient for the derivative of the integral to be equal to the integrand, assumed as bounded (see Theorem 4).
Another theorem of Denjoy 10 states that every measurable function is approximately continuous almost everywhere. The systems of sets used in the generalization of this theorem can be the same 11 as, but cannot be more general than, those used in the generalization of Lebesgue's theorem for bounded integrands, for the two theorems of Den joy taken together immediately imply Lebesgue's theorem for bounded integrands.
Thus we have the following situation: For the generalization of Denjoy's theorem that the derivative of an integral furnishes the integrand (assumed as bounded) certainly wherever the integrand is approximately continuous, the systems of sets used for differentiation can be chosen quite arbitrarily; yet in order to get Lebesgue's result that the integrand is obtained almost everywhere (or Denjoy's second result that the integrand is approximately continuous almost everywhere), the systems of sets employed must be rather special.
Let R be a metric space, $ft a a--field consisting of subsets of R, with -RG5DÎ; let <t> and \p be totally additive, finite set functions in 9JÎ; let xp(M)^0 for ilfGTO, (so that xp(M) is monotone increasing in 5DÎ), and let 3Jt be complete for \p.
A system QÇ9J? of sets may be called an indefinitely fine system of sets, if to every point aÇ.R there corresponds a certain subsystem Q a ÇQ consisting of non-empty sets such that for every p >0 there is a set QGOa contained in the sphere S ap (with center a and radius p).
If there is a sequence of sets <2"£O a converging to a so that the sequence 12 We shall not prove it here. If <£(()") =0, this quotient is to be 0, +°°i -°°, according as <f>(Q,) = 0, >0, <0. Which may be finite or infinite. Let JR* be the set of all those aÇiR for which there is a sequence of sets <2"GO a converging to a, such that $(Q V ) = 0. Then we have:
for all a G R*.
LEMMA 1. For every aÇzR -R* we have : d(a, A, \p, O) + d(a } R -A, \p, O) = 1; d(a, A } \p, O) + d(a, R -A,\p, O) = 1. PROOF. If <2GO a , then ip(AQ)+ip((R-A)Q)=rp(Q); thus, if xP(Q)^0:xP(AQ)MQ)+xP((R-A)Q)/xP(Q)
= l. As ƒ is ^-bounded, there is a finite c, such that \f(x) \ Sc> except perhaps for a set of ^-measure zero ; thus we have
